In this paper we present the molecular theory of viscosity of confined fluids in small / nano systems. This theory is also applicable to the interfacial viscosity. The basis of this research work is the Enskog's kinetic theory and the Boussinesq constitutive equation. The Enskog's kinetic theory is first transformed into a two-dimensional form. Then the potential energy (collisional transfer) part of the flux vector, and as a result, the contribution to the surface pressure tensor due to collisional transfer, is derived. Then the kinetic energy part of the flux vector and consequently the contribution to the surface pressure tensor due to flow of molecules is obtained.
Introduction
The behavior of small / nano systems like the interfacial region between two phases (fluid-solid or fluid-fluid) are of importance in the emerging field of nanotechnology, flow through porous media and in multiphase systems of scientific and industrial interest. The behavior of a confined fluid in a nano-space is different from those in macroscopic systems 1, 2 . One of the properties of such small fluid systems which need understanding and formulation of its behavior, is the viscosity of confined fluids in small / nano systems.
One good example of a confined small fluid system property is the interfacial viscosity. The interfacial viscosity (IFV) is the two-dimensional equivalent to the bulk viscosity; it is the momentum transfer perpendicularly to the direction of motion on the interface. Interfacial viscosity is related to the interactions of molecules located at the interface with one another [3] [4] [5] . Molecular theory of several well-known bulk properties of fluids such as bulk viscosity, thermal conductivity and diffusion coefficient are already developed 6, 7 . For the interface between two partially miscible fluids as well as between a fluid and a solid phase various researchers have investigated the molecular theories of surface tension, interfacial tension and wetability [8] [9] [10] [11] . In the present report we introduce the molecular theory of interfacial viscosity.
The Molecular Theory Interfacial Viscosity
The aim of this work is to develop the molecular expression of the two-dimensional viscosity (interfacial viscosity or IFV for short). Thus we perform all of the formulations in the two-dimensional system. The basis of this work is the Enskog's kinetic theory 12 and the Boussinesq constitutive equation 13 . The Enskog's theory 12 is the robust kinetic theory to describe the transport properties (such as viscosity, diffusion coefficient and thermal conductivity) in bulk dense gas systems. This theory first was derived for dilute gases in which it was assumed that, (i) there were only two-body collisions between molecules of the fluid, and (ii) the molecular diameter was small compared with the average distance between the molecules. These two assumptions are valid only in dilute gases. In dense gas and liquid systems, however, these assumptions will not be valid.
Enskog later developed a kinetic theory of dense gas systems 12 . For this model also only two-body collisions between molecules of the fluid are considered. By considering twobody collisions and by taking into account the finite size of the molecules Enskog was able to graft a theory of dense gas systems onto the dilute gas theory. For dense gas systems there are two effects which become important because molecules have finite volumes and diameters number of collisions per unit time -the frequency of collisions is increased because molecular diameter is not negligibly small compared with the average distance between the molecules, and the frequency of collisions is decreased because the molecules are close enough to shield one another from oncoming molecules. This effect is described by Enskog scaling factor (Y). The factor Y is the pair correlation factor, which is intimately related to, the configurational properties, including the compressibility factor, as will be shown later.
Since the objective of the present report is the derivation of the molecular expression for the interfacial viscosity from the Enskog kinetic theory, this theory must be first transformed into a two-dimensional form. In the two following sections at first using the Enskog kinetic theory the potential energy (collisional transfer) part of the flux vector, as a result the contribution to the surface pressure tensor due to collisional transfer, is derived. Then the kinetic energy part of the flux vector and consequently the contribution to the surface pressure tensor due to flow of molecules is obtained.
Potential energy (collisional transfer)
Let us consider a fluid composed of hard-sphere non-reacting and non-associating molecules of diameter σ confined in the interface between two phases with infinite surfaces but with nano thickness of the interface. In this situation we assume the molecules can only move and collide in two dimensions. In discussing a twodimensional (surface) collision between these molecules with velocities s 1 s , υ υ and centers O, O 1 , let us consider the collisional transfer of a molecular property s ψ across an element of line dl at the point s r . We use superscript "s" to denote the two-dimensional nature of variables and properties. The line element dl is supposed to have a positive and a negative side and n is the unit vector drawn normal to the element in the direction from the negative to the positive side. In this situation the product n i . is positive (since i is the unit vector in the direction of the first molecule's center from the second molecule 
The factor 2 1 in this equation is to count every molecular collision only once. This expression is the scalar product of n and another vector which represents the contribution of collisions to vector of flow of s
). Thus we conclude:
To solve this equation the one-particle Boltzmann distribution functions (5) we get,
In the above equation (7) we get:
is the collisional transfer (potential energy) contribution to the surface pressure tensor. The Enskog scaling factor Y s is the representation of the number of molecular collisions (or probability of collisions) on a two dimensional interfacial surface. In such a two dimensional collision the hard-sphere molecules behave like disks. For hard-sphere molecules with diameter σ , the Enskog scaling factor Y can be determined using a number of methods 15 . Two methods are reported here to compute the factor Y. The first one is a very simple geometrical method, which refers the computation of Y to the increase of collision frequency due to the fact that the gas particles, in the Enskog gas, occupy a volume larger than zero. The second method equates Y to the pair
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Theory of Viscosity of Confined Fluids in Small / Nano Systems (Theory of Interfacial Viscosity) correlation function 15 . The following expression for factor Y is obtained from using the first method: (9) [ ]
b is referred to co-volume of the molecules, V is the volume of the system containing molecules and n is number density (number of molecules per unit volume). The above equation is extended by Clausius and Boltzmann as the following 16, 17 :
Besides the compressibility factor is defined by the following equation (10) and (11) one obtains:
However when the molecules behave as a hard-disk the coefficient in equations (10) and (11) are changed. Ree and Hoover 18 calculated these coefficients for hard-disk molecules. Considering these coefficients for hard-disk molecules and changing the threedimensional variables into two-dimensional forms the following equations yield: 
For evaluating this integral the two following equations must be used 6, 14 : 
To evaluate this integral the following relation must be utilized 6, 14 : (23 
Performing the integration indicated in Eq (26) is the shear viscosity of hard-disk dilute gas 24, 25 .
In the following section the microscopic expression of total surface pressure tensor is obtained by adding of the potential energy (collisional transfer) part, Eq. (29), and the kinetic energy contribution, Eq. (36). Then the macroscopic relation of total surface pressure tensor is derived. Finally the expression of interfacial shear and dilatational viscosities are concluded by the comparison of corresponding terms of the two microscopic and macroscopic surface pressure tensor equations.
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Surface pressure tensor plus interfacial shear and dilatational viscosities
By substituting equation (36) into Eq.(29) the potential energy term of surface pressure tensor will be as follows:
The total surface pressure tensor is the sum of the potential energy (collisional transfer) part, Eq. (29), and the kinetic energy contribution, Eq. (36). By adding these two terms we get the total surface pressure tensor expression as the following:
In above equation s P is the surface pressure tensor. This expression for surface pressure tensor is obtained from the two-dimensional (surface) discussion of kinetic theory and involves only molecular properties of molecules on the surface. In the continuation of this discussion we explain the macroscopic equation of surface pressure tensor and compare that with the microscopic equation of surface pressure tensor to obtain the molecular equations of interfacial shear and dilatational viscosities. In this equation the first term is the isotropic part (γ is the thermodynamic interfacial tension) and the second term is the deviatoric (viscous) part ( s τ is the surface stress tensor).
To obtain an explicit expression for surface pressure tensor s P , a specific Boussinesq- 
which is the two-dimensional form of the stress tensor and is composed of two parts, a shear and a dilatational component.
Combination of Eqs. (39) and (40) yields: 
Comparison of the second terms of Eq. (41) In the above equation * γ is the reduced surface tension.
Considering the fact that s Y is function of s* n one may conclude that the shear and dilatational viscosities are functions of only s* n . In Figures 1 and 2 we report the dimensionless (reduced) viscosities and surface tension versus s* n , the reduced superficial number density.
The interfacial viscosity is the two-dimensional equivalent to the conventional threedimensional bulk viscosity possessed by bulk fluid phases. Interfacial viscosity is related to the interactions of molecules located at interface with one another but the bulk viscosity is depends on the interaction of bulk molecules. The well-known Naveir-Stokes momentum transfer equation, in which the bulk viscosity is the main fluid property, represents the motion of bulk fluid phases however dynamic processes involving fluid interfaces which are represented by Boussinesq-Scriven constitutive equation depend on the interfacial viscosities.
In the Naveir-Stokes momentum transfer equation the three-dimensional form of Eqs. (35) and (36) are used (see Eqs (43) and (44) in Ref. 7) . In other word, the two-dimensional properties such as interfacial viscosities, interfacial tension,… are replaced by the threedimensional properties (i.e. bulk viscosity, thermodynamic pressure, …).
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The molecular expression of interfacial viscosities (Eqs. (37) and (38)), include the interfacial (two-dimensional) properties however the molecular equation of bulk viscosity (Eqs. (45) and (46)) 7 which is derived from the combination of three-dimensional kinetic theory with Naveir-Stokes equation consists the bulk (three-dimensional) molecular properties. 
Conclusions
In this paper we have developed the molecular theory of viscosity of confined fluids in small / nano systems. This theory is also the same as the interfacial viscosity. We have utilized the Enskog's kinetic theory and the Boussinesq constitutive equation as the basis of this research work. To achieve this the Enskog's kinetic theory equation is at first transformed into a two-dimensional format. Then the potential energy (collisional transfer) part of the flux vector, and as a result, the contribution to the surface pressure tensor due to collisional transfer, is derived. Then the kinetic energy part of the flux vector and consequently the contribution to the surface pressure tensor due to flow of molecules is obtained.
The microscopic expression of total surface pressure tensor is obtained by adding of the potential energy (collisional transfer) part and the kinetic energy contribution. Then the expression of interfacial shear and dilatational viscosities are concluded by the comparison of corresponding terms of the two microscopic and macroscopic surface pressure tensor equations. Finally the dimensionless (reduced) forms of interfacial shear viscosity, interfacial dilatational viscosity and the surface tension equations are derived and they are plotted versus the reduced superficial number density.
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